Jotirnal of Regearch of the Natonal Bureau n\f Stairedards

Yol. 48, Ha. €, June 1952 Fasarireh Puper 2330

Gradient Methods in the Solution of
Systems of Linear Equations’

Marvin L. Stein

The resuleta of various experiments with iterative methods for solving ayetems of linear
elgebreic equetions pre discussed.  Modifiegtions of the eptimum gredient method are gom-
Pamd and tha rather loteresting self-sescleralion properties of a ela= of methods here named

‘oAt optimny’ gradient methods are pointed out.

1. Introduction

The method of stespest descent, or the optimum
gradient method, has been known to mathemsticians
since the time of U&uvhv(!l] ?  Others who have dis-

Ccugsed thia mathod include Curry |2], Forsythe and
Motzkin [3), Householder [4], Kantoroviteh [5], and
Temple |6]. Ttz infrequent application 1m comnpu-
fational work is no doubt duc to the slowness with
which it converges. This slowness of convergence
iz unfortunstely E‘emzrﬂll_v true of gradien! methods,
However, with the advent of large-scale compuling

hinory it hag beeome feasible to seriously congidar
em in practical nomerical analvsis,

In a fortheommg paper, Hestenes and Stein |7]
dizcuss a large class of grndien rocedures for solving
systems of linear equations. These procedures con-
tain the optimum gradient meihod as & special case.
The present note i mainly a report on somne nurner-
ical experiments with them that were carried ont on
the IBM Card-Programmed Elecitonic Caleulator at
the Institute for Numerical Analysiz of the Nalional
Burcay of Stﬂnr]a.rds Some attention is slso given
to an experiment in which the problem of solving a
svalern of linear equations waa changed Lo an equiv-
alent eigenvalue Fmb]em and then solved by a mod-
ification of one of the gradient methods discussed by
Hestenes and Karush [8]. The most striking result
of the experiments indicates that there is 8 large class
of pradient methods that is seff~decelerating, that is,
which irragularly shows a larege inereass in tha rate of
converpence without the introdurtion of any modi-
fication in the eotnputstional roeutine, This be-
havior is in sharp contrast to that of the methal of
atcepest descent, which in the light of the present
rosults can no longer be considered as optirnum from
an over-gll point of view unlezs modified by some
gpecial accclerating Toutine |91,

2. Surnmary of the Theory

Let A denote an m-rowed and n-columned matrix,
and let & and r be m-rowed and w-rowed column
vectors, respectively. The wvector riz}=d—Ar =
then an m-rowed column vector, In the following
o star (*) affixed {0 the symbol for any vector ar
matrix will indicate its conjugate transpose. Hence,
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if A is 8 pogitive s xm Hermitian matrix, we have

H*=H, P Hr >0, provided r#=0), Cleoarly, the
nonnegptive raul-vulucg function
fzy=r*Iir (1)
vanishes if and only if -
Ax=5, {2)
Therefore, the problem of minimizing (1) is equiva-
lent to the problem of zolving the aystem {2}, pro-

vided a solution existz. If no solution eziats, o
vector  which minimizes f(r) vields a best fit of
b by Az in & least-squares sense with the metrie
determined by H,

Hestenea and Stein [7] have analyzed the {following
algorithm for constructing the minimum of (1).
Consider iterations ot the type
E=0,1.2,. . .}, (3)
whore ay 1% chosen initially and where, after & hos
been determined, the gradient vector £ 12 defined by

oy =xtogk

the rule f=A*Hrix} 1 £=0, the problem is
solved. X & #=0, the scalar o, 18 taken to be of the
form o,=&4,. where
iy
AT AL

and @ is any complex number, The sequence (3)
Leg been shown to converge to the minimum of
Fiz) provided the coefficients 8, satisfy the conditions

1,1
Es+ﬁe'}' I+4, | 8| = &,
whore & 18 arl:utrah* o the range 0571,

Setting 8,=1 gives the optimum gradient method,
which has the fgl llowing geematrical interpratation.
Btarting at 7, one proceeds along the normal to that
mamber of the family of concentric ellipsoids

(4)

which peasez t.l'!.l‘ﬂllgl!'.ll. ¥y until a point tangent to
gnother ollipacid of the famnily is reached, One then
goes along the normal to this second ellipsoid until
one is again &t & point of tahgency to a member of (47,

Fl2y=constant,
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ahd =0 on until the commmon center is reached.  Cloar-
ly, it would be highly desirable to land on an axis
of the family. However, as simple two-dimensional
examples illustrate, ope veually overshoots the major
a¥ia by proceeding all the way to a point of tangency,
Hence, 1t was lll]ll:ﬂﬂl}t-uIEﬂ by M. K. Heatenea that
of the allowed wvalues of B, rome of those chosen
from the range f.<71 would yield better convergence
then 3,=1. This conjecture is the maotivation for
the experimental work whose results will be tabulatad
and dizcussed below.

3. Experimsntal Data

The algorithm described in the preceding section
was carried out for tha problem Az=bh with
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Runeg were made with fixed values of §, ranging be-
treen g,m.]1 andd 8,19, Since the matrix A and

the vector & were obtained from an original matrix
B and vector ¢ as

A=E*E, b="h¢%, {7

A iz positive and gymmetric. Hence, a convenient
metric is

H=A"1, (%)

In the metrie {8) the gradient becomes fy=ri{x,).
Thusz the other significant quantitiee defined in gee-
tion 2 assume the form

_ rHxdrix)
T'—r*{xljﬂr{x.)
Flzd=c*e—{atd+b%c,) 2l Ax,
=g*e—a2*E Lr iz
Tuable 1 liste runs of f{r,} and fx,)ff{z,_,) for
various fixed values of B;. In each case the initiat
=z, was zero. The values of f{x,) are given here

to the same number of places as in the oripinal
calenlation, while the ratios {x.}{f{z,_l} have

pen
cut down from a six-place table. Table 2 gives the
values of «, correspooding to the runs listed in table

1. Theze numbers were originally computed to 10
laces. ‘The resulta listed in tables 1 and 2 are based
or the most part on gingle runs of the Card-Program-

med Caleulator. The main check used in the ma-

chine computations waa the monotonicity of #{z).

However, the run A;m .9 has heen exactly duplicated

on two separate opcasions The results of the run

8,=1 check clotely with remults obiained hy 4, L

Forsythe in sn entirely independont manner.




TarLE 1
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Sz e fld flzd Fa)
i L [kl ] ST F]
g | | dmen | e | ed | e
:
0.1 0.5 0.6 0.8
1] daddo | ______ dgas4dn - 383540 e i |
1 203003 D.87T0 | 22445i 08723 153463 0. 3603 127922 0, 3422
2 257410 . 8782 152582 . 8798 58661 - 8421 93810 . 7883
3 226497 - 8798 111480 . 7306 77941 . 7900 73423 . 7827
4 199921 {8529 R7335 L ThaL 47414 . 8850 85477 8018
5 177424 . 8872 72579 - 8310 61402 -9i2l 59631 . 3954
6 158324 . 2028 53330 L8727 5T6TT 9370 55924 . 9521
7 42190 . BI31 57304 8047 55073 . 9648 51049 9144
g 128661 - 9041 52487 . 9156 52079 . D620 19055 8605
9 117033 “o108 54607 . R502 51924 . 0688 22814 4814
10 107265 . 9145 39040 B752 40604 | 9682 22633 9584
11 98062 0228 8532 . D870 18416 743 19411 8576
12 ILER5 . 9285 36121 | 9374 46747 | 965G 18091 . 9320
13 ZhARG . DE42 A5705 R3S 45718 . OTBD 1RT29 247
14 30647 . 9306 34881 9789 41494 . 0768 16068 . 0605
15 76184 {9447 54185 9TBT 40042 . 9650 14243 BG4
16 72338 - a5 3281 aT4a UL . 975k 13830 - 4
17 68999 9538 32603 9328 35192 . 07T 13008 . 9715
13 45004 . 0570 31085 . 9508 37193 . 9738 12727 . 9784
1% 63548 . Dol4 n7aT . 9333 aga44 . oD 12414 - U754
20 61295 | 0846 20565 4760 36033 | 9813 12152 . 9789
21 59273 . 9670 20480 . 9830 34325 . 798 11807 9716
22 57423 9888 27849 9458 18343 . 5344 11544 L OTTT
23 55677 . 0606 27541} . YRSD 16437 . 89851 10972 - 9504
34 63951 " 9600 27027 9814 16011 C 9744 10595 . 9656 -
25 53120 9661 26105 0659 15288 . 9548 3004 . 3438
26 49948 - 0588 25780 . 0879 14086 . 9782 2368 . 6681
21 16801 . 0388 21529 . 8348 13055 8720 2382 . YR80
28 42150 . oS 21171 . Gaa4 12441 . 5550 1966 . 8187
29 6975 . 8777 20020  pase 12216 {6819 1767 . 9033
30 31700 . 8573 20849 . 9806 11311 . §0B5 1723 . 4751
0. 85 0.9 0,05 1.0
0 333840 | ...... 333840 | ... amage0 | ... 333840 | ...
1 124168 0. 8719 121487 0. 3530 110577 0. 3591 119341 0. 3575
2 01763 - 7350 BYB6I .7373 87412 g 36444 7160
a 71833 . TA28 THHE . THGO T . Bix20 OO T . &]10%
1 64102 - 8036 63092 . 8028 62460 . 8910 2360 . 8302
5 57521 . 8981 57047 - 9042 57261 g168 57853 0377
& 5ATT4 . 0522 64256 . 9511 54401 . 9500 4058 . 9500
7 40772 L 908T 50253 . 0262 51556 | 0477 52602 . 95B7
8 4TITR - 0518 17793 - 9511 19435 . 0589 50807 . pBa2
0 27375 " 75T 33645 . 8086 16720 . 9458 40005 . 9663
10 26034 9178 33605 L8TIY 14405 0522 47519 . 9670
11 23466 . 9373 31606 . 9380 1EB4 . 4185 16026 . 9688
12 22561 . 9615 30107 - 9526 88017 - 6200 44624 . 9605
13 214563 - 9peT 27230 00T 23607 . 7525 43304 o702
14 21039 _o716 25370 - 9514 49911 BO0N 42036 . 9707
15 20108 . 9557 34619 - prO4 20200 011% 40825 o712
15 19456 - 9676 24072 . 9778 19416 . 9254 30667 . 9716
17 16662 . 5533 518 - QTT0 155406 07T anad G720
18 14946 . 9002 23014 . 978G 18497 . G754 37480 9723
19 14384 . 9624 22453 . 9754 18059 L8779 36462 . 9728
20 13063 o F1954 " o778 17701 . 6785 35473 9729




TavsLe !.—Continued

Jixid Fizi fiz Flrd
*y - i ey f ST E, :
1l | Jmiad Fask iz s Flxa} flzd Flzpag}t
* 0.85 0.8 0.95 1.0
M 12045 . BGG2 21368 ,WT2R 17308 COTET 34518 a7
aa 10817 ., 9028 20842 . 0758 16035 _0TaE, 33647 733
F1:] 10504 . oZq 2015 . A5l 16541 97T F2T06 Q73R
24 10201 . BT07 195156 D702 16140 . OTRZ 21843 0736
25 BT48 . B5TE LEZ2T 03440 15815 - 9TT0 31405 aras
25 TEIT . 2050 17230 , 453 15484 Ty 30197 . OTIE
27 T5TO . HB5E 508 . D347 15103 a7a3 20413 4740
2B 7866 9730 230 , 46E2 14761 a7Ts 28648 A740n
8 67632 . G180 273 0750 14346 oTsd 270310 0742
20 352 , 91304 264 . OG0 140Eq a7a8 27101 G742
1.1 1.3 1.6 1.%
0 JEI840 rmer e man- Ja3B40 .. 33340 . A33A40 [
1 121486 . SG3Y 133045 . 4E53 186502 r . D85SR 293001 BTTH
b4 w2531 G798 Bl 4645 . B2 124500 J . W39 ZE0ATT =751
a Tirayz 2508 G305 ,B216 HA4ZH . BEGH 210046 . 3540
4 62921 BG4 42728 s 1) 433181 ! . BOHG 188053 BHRG
5 SHEAT 3506 SBTEE 9367 'I - BAETO 162600 iz 1]
[ 55940 . 9502 550149 . 9534 it J 9343 1£ 1685 B3
7 S33ET . 9622 53906 . DE23 B4100 . DaG2 124441  BYES
s L2000 . Dgga 52133 . BBT2 524432 |I D655 110443 . BR58 -
n 504567 o70l 50571 i 5740 L] BE480 5933
10 EL LHTI 48131 0715 0200 J n714 4512 900=
11 ATHGY 72s 47TBL 9728 436 J L BTas ROSTH =S
12 48391 T 46512 L9734 449460 o734 74768 [ U155
13 451490 0741 45301 Ll 4540 | 738 GBS ! 0224
14 4031 . 9T43 49144 9745 44277 0744 43212 ¢ 2290
15 42929 ' 9750 11749 43165 a740 39100 J 0345
| d
14 41886 4 Hya2 41970 U752 42007 A752 55537 . S
17 46851 | 5757 40042 . BT 41063 9735 32560 . M55
1E FOREK | UTHE 30061  A7RA 4077 - B7AY 40034 . D50
14 A7 L 0009 iy li Jo0123 o762 47840 . 0540
20 SB001 ] 9765 a1 L WTGE 35200 976d 45618 ! i)
i
21 37114 n7a4 ETHE B rlivd 37307 ATEG 42820 )
22 DOZ5T . BTeG 36341 . 4768 30444 HTEY 42212 . 9633
23 6458 LATh 25506 . BTTD 35007 a7 40757 55
24 MG1D LOTTZ 34T BT 34705 9772 39433 . D8Th
26 CHTT2 33912 CBTTE 3HAIT CATTS dR21H . BGHZ
24 33073 . BTTS 33149 . WrTR S350 4774 FT0RT . B0g
F1i 42333 TG 32407 . 9TTG 32494 CBTTR AG06T . BT18
28 J1613 . UFTT 31654 i J1770 a77Th 35076 LT
n 3 . 9TTE 30082 . BI78 FL0BH CWTTs 34155 38
k1] B0230) LTS 0208 . BTTS FHIZED a77a dAZ8A LT
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! |
\ o1 ! 03 0.6 0.8 nes ! o0 0.05 ! Lo | 1 3 !o1s 1.8
1 0.563 | 1.660| 3.320| 4427 | 4708 | 49%0| 5257 | 5533 | 6087, 7193 | =353 |10 512
2 (505 | 20w | 3576 | 2827 Z 691 | 2602 | 2558 | 2551 | 2.625| 2983 | 3 750 4. 613
3 (835 | 2277 | 8401 | 4.842 | b AR | 65643 | 5857 | ho44R | 4427 | 3242 [ 2335 | & 844
4 .B70 | 2,704 | 3.5B5 | 2.676| 2,532 | 2486 ] 2 525 | 2.64L | 3. 057 | & 504 | 3 335 | 3 827
5 (702 | 3319 | B 58T | 6 15T| 7173 | 7.4%4 [ 6. 965 | 5. 7SL| 4217 | 30635 3 398 | 1 526
& 732 | 4064 | 3.766] 2901 | 2,315 | 2.362| 2. 508 | 2756 3369 | S.740| 8522 | & 827
7 T | A I6S | A 714 {12626 | 18 049 | 13 847 | b.251 | 6267 | 4. 197 | 3 B2 | 3. 684 | 3 820
8 702 | 7863 | 4002 | Z027| 20030 | 2141 | 2412 | 2820|2620 | 3881 | 3824 | 483D
g .25 | 22,205 | S GBS [125 996 (108, 543 | 50.500 | 12,958 | 6.466 | 4 166 | 3821 | 3.008 | I 834
10 TRED | T R04 | 4 300 | L R8T 4023 | 1886 | L 245 | 28t | 3766 | 3 64d | 3039 | 3. 837
11 902 | L5i19| 3236|2580 | 4vas | 17ee8 | 22431 |6 512 |4 L1z! 3use | a3 ess| 3841
12 047 | 1G98 | 6623 | 1825 | 2912 | 2129 | 2085 | 2453 | S BaT] 2 veE | 2083 3 Baa
13 (006 | L. 198 | 2.492 | 15463 | G 140 | 20.0D5 | 7O.571 | 6 530 | 4,086 3 968 | 32987 | 3 S40
14 1.052 | 4005 |10 0BL| o087 | 2634 | 2525 | 1.05% | 2856 | 3895 3.071| 3070 3. 855
15 L£118 | 8761 | 1447 [ 27849 | 0.072 | 5586 | 27008 | 6.542 | 2 038 | & 073 | 3 073 | 3 560
11 1182 | 4 bps | £ 218 301 | 22068 2doFy | 2 AR5 | 2 ASA | 3028 | 3075 | 3.0¥5 [ 3 566
17 {260 | 2977 | B.601| 4 480 | 41576 | 5009 | L 736 | 6. 550 [ 4 018 | 3977 | 3976 3 &73
18 L340 | 0.900 | 4.832| Z 474 | L7y | 3.207 | 3.565 | 2850 (2047 | 3. 078 3978 3 620
Iy L4t | 1.233 | 2000 | 4086 D000 5088 ( 4 5DA | G50V | 4006 AT S 9y 3 EEY
20 1,581 | 4.688 | B.230| 3 103 | 2. 218 | 2054 | 3. 488 | 2860 [ 3961 | 3. 081 | 3080 | 3. %96
2] 742 | 2803 { 1.915 | 6. 463 | 415031 6818 | a4 7ey | 6os6% |2 oea| sos2| 2esr| 5003
22 1,968 | 11.156 116,743 | 2,567 | L. 799 2 657 | 3.398 | 2.361 | 3.970 | 3.083 | 3.982 | 3 011
33 | Z26¢ | LI3L| L9256 | 13274 | 100100 | 9. 627 | 4042 | 6.56% | 3004 | 3084 | 3.083 | 3018
24 2735 | 3300 1.505| 1.062 | 2207 | 2332 | 3205 | 2 862 | 4. 076 | 2081 | 2 084 | 3926
25 5,534 | 6757 | 9 841 108 581 | 44.570 | 20.471 | 5.200 | 6,571 | . 992 | 3.085: 3 085 | 5 083
26 | 5083 | L714| 1L760| L628| L7038 | 2,015 | 2170 | 2863 | 3°081 | 2. 086 | 2086 | 3 o040
27 B. 606 | 35.350 | 30. 924 | 2 204 | X R8T (426,505 | 5.550 | 6.57d | 3. 991 | I 986 | 3.9%6 | 3. 946
99 | 15.04% | 0755 | 1. 244 | 42087 | 2314 | L 8IT| 3040 | 2863 |2 084 | 3 087 | I 987 | 3 052
20 | 20.B44 | 0.00% | 2 467 | L. 695 | 24.873 | 3.0i% | 6038 | 6,576 | 3. 000 | 3. 088 | 8 988 | 3 D7
30 25071 | 2110 | 22538 | 5180 | 1884 | G291 | 2607 | Zu6e | 3 086 | A 088 3 988 | 3 w62

Conversion to an Eigenvalue Problem

By introducing the wvarisble ., an equation
Br=¢ can be expressed in the homogeneoue form
Cy=0, whera

=@ o y:(:uﬂ)

4,

Multiplying through by €* gives the aystem of order
one higher Dy=(, where
B*E B
D:
e*B c*e

1% & symmetric matrix whase legst eigenvalue i3 zaro,
The nontnivial eigenvector corresponding to this
zero eigenvalue yields a solution of the original
gystem of linear squations,

Az is well known, the lesst eigenveclor of the aym-
metric matrix # ean be found by minimizing the
Rayleigh quatient

_¥'Dy

= 0.
uly) Y Yo

Hestenes and Karush [8] have examined in detail

the convergence of varions methods for accomplish-

ing the minimization of 4. The following algerithm

for constructing a sequerfes {y, | that minimizes p s

a medificetion of their “optitnum o procedure.

Eﬁ"&; define the gradient as f,=#y =Dy, —uly )y
@

1
- T H{El:', H'{.El} s 1:}l
and lot o,=@Fy, where 8 i= & positive nwinber less
than or equal to one. Then, given ¥, we determine
¥ e DY the formula g, =¢,—af.
is algorithm was actueally carried out with the
makrix

A b

D

e

bl
where A is given by (5), b iz given by (6} with all
components multiplied by 10 snd ¢*=.333840. In
view of (7) Dy=0 iz actually & problem of the type
just described. Runs were made with varipus val-
ues of § ranging between .7 and 1Y For purposes
of comparison, the samte starting point (origing o
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in the somputations recorded in section 3 was used
and a record of

was kept. In table 3° we present the results of ibe
run §=.9. The runs for other values of 8 showed
substantially the same unstable behavior, whila that
for i=1 (optimum) showed a very stable behavior
and s3 & result converged guite slowly. The num-
bers fiz,) and @, appearing in table 3, ware orig-
mally computed 0 10 places, The ratios fE:.}jf{x._l}
were computed from the originel values of flzg and
then eut down to the present eize,

Tane I
) ¥ Flzi) j Ja £l b (RE
] 4 3380 ] I e
1 121482 4. 3639 0 498G
2 85700 | 7137 9575
a 7032 2111 . TOT6
4 5i5da 1R . 3451
5 it 1, 04550 . BI78
6 hhod 0. BE25 . s
7 53869 1. OOKT . Bdind
B 46788 {. 5242 L 34T
a S50 9420 .
H 45704 L0744 . 3048
11 415366 . M2Y . BR77
12 41045 L . 2781
15 . B85S . B6A0
14 38011 . MG . 2482
15 31318 _ReaT . DLog
16 30291 T2 . 2189
17 24919 . B228 L. 7145
18 bt 1T . BRET 0 100
1% T468 - 2380 B D172
H 4063 . O34 Q. 2758
b1 | 5085 . BESE . BOBL
22 5541 . D258 . 2403
b 4843 . BATR gaa
24 4206 « D00 . 2201
25 3171 . 7540 L. 4l
26 Mdd . B339 0 1p12
27 264 . 0L © R 6070
23 151 . bTE3 0. 1766
29 117 ., TTOB 1. 4380
1 81 . TG 0. 1M)&
31 11 . 1274 6. 4Thh
%] g - BDgE3 0. 1550
8. Conclusion

The error function f(x) goes monotonically to zero
in each of the gradient methods. Hence the number

qufgz,.mﬁ} tells us what percentage of the
distance from the starting point to zero remsing to
be sovered mt the wth step. Table 4 gives Py, for
various values of ;.. Wa note

i The gothae Bwnks ¥, M. Hayos for firoihdog him with mest of tha dats
appearing in Labk 3.

Tapx 4,
g } 01 03 | [ ] 05 D 85 09
! !
Pu | 0, 449 ﬁlﬂ-| 2 i 0 52 1.4 0 0g
1 - —_—
& 0w | 1.0 LI 13 1.6 1.9
P 4 21 814 B 04 o n7 8 10 Q97

after 30 =teps that, with tha exception of the cese

g,ma="1, all the gradient methoda for values g1
are converging faster than the optimum method,
while all the gradient methods for values g1

ot a slightly slower rvate than the
optimum method. For the elrenvalue method we
have Pn=.02. The incre rete of convergence
for this rase is offset on the Card-Programmed
Caleulator by the greater length of time needed for
each step. However, on & high-specd machine this
tactor wonld be neglipible. An explenation of the
speadier convergence of the eigenvalue procedure
liea In the fact that the transformation of the prob-
lem to the hom uz form has shrunk the ratio
of the largest and the smallezt nonzero eigenvalues.
This improvement of “condition™ is something that
one could not generally expect to occur [10].

The ratios /(r.)/f(zi.) compare the rate of con-
vergence at each step with that of & peomelric
progresgion having the same ratio. A study of these
numhers and of the corrections =, brings into sharp
focua the contrast betwean the instability of the
eradient methods employing 8«71 and the stability
of those employing 1. In the method of stcepost
descent it is just thiz stability that permita aecelera-
tion. However, this arceleraiion must be achisved
thronzh a modification of the computational routine.
On the other hand, the instability of the methods
using #<Z1 leads to occaeinnal aceelecations without
the introduction of any changes whatsoever in the
computing rontins,

From the point of view of using the “almost
optimum’’ gradient method on alarge seale computer,
its aelf-acceleration preperty has mors then theoreti-
cal interest. As is well koown, the high-spead
memory capacity of the computers now in existence
is rother limited. Hence, the necessity of storing a
apecial accelerotion rouilne might prove to be a
severs ha:ndicaﬁ indeed.

It is worth while to compare the values of o, with
the reciprocal sigenvalucs of the matrices 4 and D.
For A these reciprocal sigenvalues have been found
to be approximately 2.0, 3.9, 5.7, 12.1, 83, and 372,
while for D the finite reciproeal eigenvaluss ran
hatween approximately 8.35 and 0.180.5 Wa will
pay particular atiention to the points at which
meceleration took place. One sees thet preceding
a0 acceleration there was a “emoothing run* durnng
which the a,'s were in the range of the smsll reci
rocal eigenvalues, On the iterstion immediately
bafore an acceleration, o; was almost equal to the
smallest reciprocal sigenvalue, while on the iteration

1 Thesq vl were [umleked by K. M, Hayes

BI® CODVETZ
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during which acceleration took place o, was batween
the highest and next to highest reciprocal eigenvalues.
It was just this technique of choozing &, that the
present author helped develop in previows experi-
mentz with a “fixed o' gradient method, which were
conducted vwnder the direction of M. R. Hestenes,
In this method the cperator chooses the valie of
just before each iteration, and by judicious choices

a cgn successfully sceelerate the method to a con-
siderable extent. However, thia requires too many
ju ta of the operator in be practical for & fast
maching or an inexperienced operator. Hence, it is
quite hopeful to note the existence of methode
suitable for hich-speed machinea that can duplicate
the fixed a acceleration procedures without any
intervention by the operator cnce the process hans

atarted.
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